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Abstract

This paper considers the estimation of approximate dynamic factor models when there is
temporal instability in the factor loadings. We characterize the type and magnitude of instabil-
ities under which the principal components estimator of the factors is consistent and find that
these instabilities can be larger than earlier theoretical calculations suggest. We also discuss
implications of our results for the robustness of regressions based on the estimated factors and
of estimates of the number of factors in the presence of parameter instability. Simulations cali-
brated to an empirical application indicate that instability in the factor loadings has a limited
impact on estimation of the factor space and diffusion index forecasting, whereas estimation of
the number of factors is more substantially affected.

1 Introduction

Dynamic factor models (DFMs) provide a flexible framework for simultaneously modeling a large
number of macroeconomic time series.! In a DFM, a potentially large number of observed time series
variables are modeled as depending on a small number of unobserved factors, which account for the
widespread co-movements of the observed series. Although there is now a large body of theory for
the analysis of high-dimensional DFMs, nearly all of this theory has been developed for the case
in which the DFM parameters are stable, in particular, in which there are no changes in the factor
loadings (the coefficients on the factors); among the few exceptions are Stock and Watson (2002,
2009) and Breitung and Eickmeier (2011). This assumption of parameter stability is at odds with
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!The early work on DFMs considered a small number of time series. DFMs were introduced by Geweke (1977),
and early low-dimensional applications include Sargent and Sims (1977), Engle and Watson (1981), Watson and Engle
(1983), Sargent (1989) and Stock and Watson (1989). Work over the past fifteen years has focused on methods that
facilitate the analysis of a large number of time series, see Forni et al. (2000) and Stock and Watson (2002) for early
contributions. For recent contributions and discussions of this large literature see Bai and Ng (2008), Eickmeier and
Ziegler (2008), Chudik and Pesaran (2011) and Stock and Watson (2011).



broad evidence of time variation in many macroeconomic forecasting relations. Recently, a number
of empirical DFM papers have explicitly allowed for structural instability, e.g., Banerjee et al.
(2008), Stock and Watson (2009), Eickmeier et al. (2011) and Korobilis (forthcoming). However,
theoretical guidance remains scant.

The goal of this paper is to characterize the type and magnitude of parameter instability that
can be tolerated by a standard estimator of the factors, the principal components estimator, in a
DFM when the coefficients of the model are unstable. In so doing, this paper contributes to a larger
debate about how best to handle the instability that is widespread in macroeconomic forecasting
relations. On the one hand, the conventional wisdom is that time series forecasts deteriorate when
there are undetected structural breaks or unmodeled time-varying parameters, see for example
Clements and Hendry (1998). This view underlies the large literatures on the detection of breaks
and on models that incorporate breaks and time variation, for example by modeling the breaks
as following a Markov process (Hamilton, 1989; Pesaran et al., 2006). In the context of DFMs,
Breitung and Eickmeier (2011) show that a one-time structural break in the factor loadings has
the effect of introducing new factors, so that estimation of the factors ignoring the break leads to
estimating too many factors.

On the other hand, a few recent papers have provided evidence that sometimes it can be better
to ignore parameter instability when forecasting. Pesaran and Timmermann (2005) point out
that whether to use pre-break data for estimating an autoregression trades off an increase in bias
against a reduction in estimator variance, and they supply empirical evidence supporting the use
of pre-break data for forecasting. Pesaran and Timmermann (2007) develop tools to help ascertain
in practice whether pre-break data should be used for estimation of single-equation time series
forecasting models. In DFMs, Stock and Watson (2009) provide an empirical example using U.S.
macroeconomic data from 1960-2007 in which full-sample estimates of the factors are preferable to
subsample estimates, despite clear evidence of a break in many factor loadings around the beginning
of the Great Moderation in 1984.

We therefore seek a precise theoretical understanding of the effect of instability in the factor
loadings on the performance of principal components estimators of the factors. Specifically, we
consider a DFM with NN variables observed for T" time periods and r < N factors, where the N x r
matrix of dynamic factor loadings A can vary over time. We write this time variation so that A
at date t equals its value at date 0, plus a deviation; that is, Ay = Ag + An7&. The term & is a
possibly random disturbance, and A7 is a deterministic scalar sequence in N and T" which governs
the scale of the deviation. Using this framework and standard assumptions in the literature (Bai
and Ng, 2002, 2006a), we obtain general conditions on hy7p under which the principal components
estimates are mean square consistent for the space spanned by the true factors. We then specialize
these general results to three leading cases: i.i.d. deviations of A; from Ay, random walk deviations
that are independent across series, and an arbitrary one-time break that affects some or all of the
series.

For the case in which A; is a vector of independent random walks, Stock and Watson (2002)
showed that the factor estimates are consistent if hyr = O(T~!). By using a different method of
proof (which builds on Bai and Ng, 2002), we are able to weaken this result considerably and
show that the estimated factors are consistent if hyr = O(Tfl/ 2). We further show that, if
hnt = O(1/min{N'/4T'/2 T3/4}) the estimated factors achieve the mean square consistency
rate of 1/ min{N, T}, a rate initially established by Bai and Ng (2002) in the case of no time varia-
tion. Because the elements of §; in the random walk case are themselves Op(tl/ %), this means that



deviations in the factor loadings on the order of 0,(1) do not break the consistency of the principal
components estimator. These rates are remarkable: as a comparison, if the factors were observed so
an efficient test for time variation could be performed, the test would have nontrivial power against
random walk deviations in a hy7 o< T~! neighborhood of zero (e.g., Stock and Watson, 1998b) and
would have power of one against parameter deviations of the magnitude tolerated by the principal
components estimator. Intuitively, the reason that the principal components estimator can handle
such large changes in the coefficients is that, if these shifts have limited dependence across series,
their effect can be reduced, and eliminated asymptotically, by averaging across series.

We further provide the rate of mean square consistency as a function of hyr, both in general
and specialized to the random walk case. The resulting consistency rate function is nonlinear and
reflects the tradeoff between the magnitude of the instability and, through the relative rate N/T
as T increases, the amount of cross-sectional information that can be used to “average out” this
instability. To elaborate on the practical implications of the theory, we conduct a simulation study
calibrated to the Stock and Watson (2009) dataset. The results confirm that the principal com-
ponents estimator and derived diffusion index forecasts are robust to empirically relevant degrees
of temporal instability in the factor loadings, although the precise quantitative conclusions depend
on the assumed type of structural instability and the persistence of the factors. Interestingly, the
robustness obtains even though the Bai and Ng (2002) information criterion estimator of the rank
of the factor space appears to be asymptotically biased for some of our parametrizations.

The rest of the paper proceeds as follows. Section 2 lays out the model, the assumptions, and
the three special cases. Our main result on consistency of the principal components estimator is
presented in Section 3. Rank selection and diffusion index forecasting are discussed in Section 4.
Section 5 provides Monte Carlo results, and Section 6 concludes.

2 Model and assumptions

2.1 Basic model and intuition

The model and notation follow Bai and Ng (2002) closely. Denote the observed data by X for
i=1,....,N,t =1,...,T. It is assumed that the observed series are driven by a small, fixed
number 7 of unobserved common factors Fy, p=1,...,r, such that

Xit = )\;tFt + €5t

Here A\ € R is the possibly time-varying factor loading of series i at time t, F; = (Fi, ..., Fpt)',
and e;; is an idiosyncratic error. Define vectors X; = (Xqg, ..., Xnt), et = (e1t,...,ent)’s Ay =
(M¢y -+ -, Ant)" and data matrices X = (X1,..., X7)', F = (F1,...,Fr). The initial factor loadings
Ap are fixed. We write the cumulative drift in the parameter loadings as

Ay — Ao = hnTés,

where h 7 is a deterministic scalar that may depend on N and T', while {&} is a possibly degenerate
random process of dimension N x 7, & = (&14,...,En¢) (in fact, it will be allowed to be a triangular
array). Observe that

Xy = MFy+ep = Ao Fy + e + wy, (1)



where wy = hy7&F;. Our proof technique will be to treat w; as another error term in the factor
model.?

To establish some intuition for why estimation of the factors is possible despite structural
instability, let the number of factors be r = 1 and consider an independent random walk model
for the time variation in the factor loadings, so that &; = & ;-1 + (i, where (j is i.i.d. across ¢
and ¢t with mean 0 and variance 0'?, and suppose that Ag is known. In addition, we look ahead
to Assumption 2 and assume that AjAg/N — D > 0. Because Ag is known, we can consider the
estimator Fy(Ag) = (AjAg) AL X;. From (1),

Fy(Ag) = Fy 4+ (AjAg) "t A%e; + (AhAo) "t Abwy,
SO
N N
Fy(Ao) = Fy ~ DT'N™P " Nper + DTINTY T Nigwr.
=1 =1

The first term does not involve time-varying factor loadings and under limited cross-sectional
dependence it is O,(N~1/2). Using the definition of w;, the second term can be written

N N
DINT! Z Nipwyy = D71 (hNTNl Z Az‘Ofit) F;.

i=1 =1

Since Fy is Op(1), this second term is the same order as the first, Op(Nfl/Q), if hyp N1 vazl Aio&it
is Op(N~1/2). Under the independent random walk model, &; = O,(T"/?), so

N
h]\[T]V_1 Z Aio&it = Op(hNT(T/N)l/Q)’
=1

which in turn is O,(N~Y/2) if hyr = O(T~/?). This informal reasoning suggests that the estimator
Ft(Ao) satisfies Ft(Ao) =F + Op(N_1/2) if hyp = cT—1/2.

In practice Ag is not known so Ft(AO) is not feasible. The principal components estimator of
F is Ft(AT), where A" is the matrix of eigenvectors corresponding to the first r eigenvalues of the
sample second moment matrix of X;. The calculations below suggest that the estimation of Ay by
A" reduces the amount of time variation that can be tolerated in the independent random walk
case; setting hyr = ¢T'~'/2 results in an O, (1) mean square discrepancy between Fi(A”™) and Fj.

2.2 Examples of structural instability

For concreteness, we highlight three special cases that will receive extra attention in the following
analysis. In these examples, the scalar hy7 is left unspecified for now. We will continue to set the
number of factors r to 1 for ease of exposition.

2 As pointed out by our referees, a straight-forward approach would be to treat ef = e; + w; as a catch-all error
term and provide conditions on hnyr and & such that e; satisfies Assumption C in Bai and Ng (2002). Some of the
examples below could be handled this way. However, in the case of random walk factor loadings, applying the Bai
and Ng assumption to ef would restrict the temporal dependence of & more severely than required by our Theorem
1 (cf. Assumption 3.2 below).



Example 1 (white noise). All entries &; are i.i.d. across i and ¢t with mean zero and E(£}) < oo.
The factor loadings A; are then equal to the initial loading matrix Ag plus uncorrelated noise.?

Example 2 (random walk). Entries &; are given by &; = Zizl Cis, where {(;s} is a random
process that is i.i.d. across i and s with mean zero and E((l,) < co. In this example, the factor
loadings evolve as cross-sectionally uncorrelated random walks.? Models of this type are often
referred to as time-varying parameter models in the literature. DFMs with time-varying parameters
have recently received attention in the empirical macro literature, cf. Eickmeier et al. (2011),
Korobilis (forthcoming) and references therein.

Example 3 (single large break). Let 7 € (0,1) be fixed and set x = [7T], where [ - | denotes
the integer part. Let A € RV be a shift parameter. We then define

¢ = 0 fort=1,...,k
ETV A fort=x+1,...,T

Breitung and Eickmeier (2011) demonstrate that a structurally unstable model of this kind may
equivalently be written as a stable DFM with 2r dynamic factors. Deterministic parameter shifts
have also been extensively studied in the context of structural break tests in the linear regression
model.

2.3 Principal components estimation

We are interested in the properties of the principal components estimator of the factors, where
estimation is carried out as if the factor loadings were constant over time. Let k denote the number
of factors that are estimated. The principal components estimators of the loadings and factors are
obtained by solving the minimization problem

T
. _ /
Vik) = min (VT) Y0 (XK = A FO)2, (2)
F i=1 t=1

where the supercripts on A* and FF¥ signify that there are k estimated factors. It is necessary to
impose a normalization on the estimators to uniquely define the minimizers (see Bai and Ng, 2008,
for a thorough treatment). Such restrictions are innocuous since the unobserved true factors F' are
only identifiable up to multiplication by a non-singular matrix. One estimator of F' is obtained by
first concentrating out AF and imposing the normalization F* F* /T = Ij. The resulting estimator
F* is given by /T times the matrix of eigenvectors corresponding to the largest k eigenvalues of
the matrix X X’. A second estimator is obtained by first concentrating out F* and imposing the
normalization AklAk/N = I;. This estimator equals I* = XAF/N, where A is V/N times the
eigenvectors corresponding to the k largest eigenvalues of X’X. Following Bai and Ng (2002), we
use a rescaled estimator
k= Fk(Fk’Fk/T)l/z

in the following.

3 As is clear from the subsequent calculations, our conclusions remain true if the disturbances are weakly dependent
in the temporal and cross-sectional dimensions. In the interest of clarity we focus on the i.i.d. case.

4While conceptually clear, cross-sectional independence of the random walk innovations (g is a stricter assumption
than necessary for the subsequent treatment. It is straight-forward to modify the example to allow m-dependence or
exponentially decreasing correlation across i, and all the results below go through for these modifications.



2.4 Assumptions

Our assumptions on the factors, initial loadings and the idiosyncratic errors are the same as in Bai
and Ng (2002). The matrix norm is chosen to be the Frobenius norm ||A|| = [tr(A’A)]Y/2. The
subscripts ¢, 7 will denote cross-sectional indices, s,t will denote time indices and p, ¢ will denote
factor indices. M € (0,00) is a constant that is common to all the assumptions below. Finally,
define Cyr = min{N/2,T/2}. The following are Assumptions A-C in Bai and Ng (2002).

Assumption 1 (Factors). E||Fy||* < M and T-' Y[, F,F % Yp as T — oo for some positive
definite matriz Y.

Assumption 2 (Initial factor loadings). ||| < A < oo, and ||AjAg/N — D|| — 0 as N — oo for
some positive definite matriz D € R™*",

Assumption 3 (Idiosyncratic errors). The following conditions hold for all N and T'.
1. E(eit) =0, Eleg|® < M.

2. Yn(s,t) = E(eles/N) exists for all (s,t). |yn(s,s)| < M for all s, and T~} ZZt:I lyn (s, t)| <
M.

3. Tijus = Eleuejs) exists for all (i,7,s,t). |Tijul < |mj| for some 15 and for all t, while
NN misl < M. In addition, (NT)™L 2N S0 [mijesl < M.

4. For every (s,t), E]Nfl/2 Zfil[eiseit — E(eiseit)]\A‘ < M.

As mentioned by Bai and Ng (2002), the above assumptions allow for weak cross-sectional and
temporal dependence of the idiosyncratic errors. Note that the factors do not need to be stationary
to satisfy Assumption 1.

The assumptions we need on the factor loading innovations hy7&; are summarized below. For
now we require the existence of three envelope functions that bound the rates, in terms of N and
T, at which certain sums of higher moments diverge. Their interpretation will be made clear in
examples below. As we later state in Theorem 1, these rates determine the convergence rate of the
principal components estimator of the factors.

Assumption 4 (Factor loading innovations). There exist envelope functions Q1(N,T), Q2(N,T)
and Q3(N,T) such that the following conditions hold for all N, T and factor indices p1,q1,p2,q2 =
1,...,r.

N
1. Supg <7 Zi,j:l ‘E(ﬁiSplfjtqusmthJ’ < Ql(Nv T)'
T N
2. ZS,t:1 Zi,j:l |E(§i8p1§jsq1 F8p1qu1 Ftsztq2)| < QQ(N, T)-
T N
3. Zs,t:1 Zi,j:l |E(5i8p1fjsmfitpzfjtq2Fsm qu1 Ftsztqz)‘ < Q3(N7 T)~

While consistency of the principal components estimator will require limited dependence between
the factor loading innovations and the factors themselves, full independence is not necessary. This is
empirically appealing, as it is reasonable to expect that breaks in the factor relationships may occur
at times when the factors deviate substantially from their long-run means. That being said, we



remark that if the processes {&;} and {F;} are assumed to be independent (and given Assumption
1~), two sufficient conditions for Assumption 4 are that there exist envelope functions Q1 (N, T') and
Q3(N,T) such that for all factor indices,

N
sup Y B (s i) < Qu(N. T) (3)
s,t<T i =1
and
T N _
ST N B Eisp Eisar SitaEitan)| < Q3(N,T). (4)
st=14,j=1

Under the above conditions, Assumption 4 holds if we set Q1(N,T) Ql(N, T), Q2(N,T)
T2Q1(N,T) and Q3(N,T) x Q3(N,T).

Finally, rather than expanding the list of moment conditions in Assumption 4, we simply impose
independence between the idiosyncratic errors and the other variables. It is possible to relax this
assumption at the cost of added complexity.®

Assumption 5 (Independence). For all (i,j,s,t), ey is independent of (Fs,&;s).

Examples (continued). For Examples 1 and 2 (white noise and random walk), assume that
{&} and {F;} are independent.

In Example 1 (white noise), the supremum on the left-hand side of (3) reduces to NE(£2).
By writing out terms, it may be verified that the quadruple sum in condition (4) is bounded by
an O(NT?) + O(N?T) expression. Consequently, Assumption 4 holds with Q1(N,T) = O(N),
Q2(N,T) = O(NT?) and Q3(N,T) = O(NT?) + O(N?T).

In Example 2 (random walk), due to cross-sectional i.i.d.-ness we obtain

N N
sup Y Y |E(&is&je)| = N sup |B(&isti)|

$EST i1 j=1
= N sup min{s,t}E(¢%)
s,t<T
— O(NT),

so Assumptions 4.1-4.2 hold with Q1(N,T) = O(NT) and Q2(N,T) = O(NT?). A somewhat
lengthier calculation gives that the quadruple sum in condition (4) is O(N2T*), so Assumption 4.3
holds with Q3(N,T) = O(N?T?).

In Example 3 (single large break), the supremum in inequality (3) evaluates as

N N
Do 1Ay 1Al
i=1 j=1

Assume that |A;| < M for some M € (0,00) that does not depend on N. We note for later
reference that if |A;] > 0 for at most O(N'/2) values of i, the expression above is O(N). The same

condition ensures that the left-hand side of condition (4) is O(NT?). Consequently, we can choose
Q1(N,T) = O(N) and Q2(N,T) = Q3(N,T) = O(NT?) if at most O(N'/?) series undergo a break.

®Bai and Ng (2006a) impose independence of {e;} and {F;} when providing inferential theory for regressions
involving estimated factors.



3 Consistent estimation of the factor space

3.1 Main result

Our main result provides the mean square convergence rate of the usual principal components
estimator under Assumptions 1-5. After stating the general theorem, we give sufficient conditions
that ensure the same convergence rate that Bai and Ng (2002) obtained in a setting with constant
factor loadings.

Theorem 1. Let Assumptions 1-5 hold. For any fized k,
T
T | EF — HY Fy|? = Op(Ryr)
t=1

as N, T — oo, where

4

1 h3 h3 h
oy = e { o S QUNT). VL Qu(N. 1), 304N |

and the r x k matriz H* is given by
H* = (AjAo/N)(F'F*/T).

See the appendix for the proof. If Ry — 0 as N,T — oo, the theorem implies that the r-
dimensional space spanned by the true factors is estimated consistently in mean square (averaging
over time) as N, T — oo. While we do not discuss it here, a similar statement concerning pointwise
consistency of the factors (Bai and Ng, 2002, p. 198) may be achieved by slightly modifying
Assumptions 3—4.

We now give sufficient conditions on the envelope functions in Assumption 4 such that the
principal components estimator achieves the same convergence rate as in Theorem 1 of Bai and Ng
(2002). This rate, C%, turns out to be central for other results in the literature on DFMs (Bai
and Ng, 2002, 2006a). The following corollary is a straight-forward consequence of Theorem 1.

Corollary 1. Under the assumptions of Theorem 1, and if additionally
e h%,:Q1(N,T)=O(N),
o h%rQ2(N,T) = O(NT?),
o hWyrC3rQ3(N,T) = O(N?*T?),

it follows that, as N, T — oo,

t=1

T
Crr (Tl D IE - H’“’FtH2> = Op(1).



Examples (continued). In Section 2.4 we computed the envelope functions Q1 (N, T'), Q2(N,T)
and Q3(N,T) for our three examples. From these calculations we note that if Ay = 1, the model
in Example 1 (white noise) satisfies the conditions of Corollary 1. Hence, uncorrelated order-
Op(1) white noise disturbances in the factor loadings do not affect the consistency of the principal
components estimator.

Likewise, it follows from our calculations that the structural break process in Example 2 (random
walk) satisfies the conditions of Corollary 1 if Ay = O(1/ min{ NY/4T/2 T3/4}). Moreover, a rate
of hyr = o(T~/?) is sufficient to achieve Ry7 = o(1) in Theorem 1, i.e., that the factor space is
estimated consistently. This is a weaker rate requirement than the O(T~!) scale factor imposed
by Stock and Watson (2002).% To elaborate on the convergence rate in Theorem 1, suppose we set
N = [T#] and hyr = ¢T~7, p,y > 0. Using the formula for Ry and the random walk calculations
in Section 2.4, we obtain

Ry = O(max{T~, T, TV=2771, 7247} = O(70:7), (5)

where

m(p,y) = max{—1,—u,1 — 2y — p,2 — 4y} = max{—1, —p,2 — 4v}. (6)
This convergence rate exponent reflects the influence of the magnitude of the random walk devia-
tions, as measured by -, and the relative sizes of the cross-sectional and temporal dimensions, as
measured by p. Evidently, increasing the number of available series relative to the sample size im-
proves the worst-case convergence rate, but only up to a point. The dependence of the convergence
rate on 7 is monotonic, as expected, but nonlinear.

For Example 3 (single large break), Corollary 1 and our calculations in Section 2.4 yield that if we
set hyp = 1, the principal components estimator achieves the Bai and Ng (2002) convergence rate,
provided at most O(N'/2) series undergo a break. A fraction O(N~1/2) of the series may therefore
experience an order-O(1), perfectly correlated shift in their factor loadings without affecting the
consistency of the estimator.

3.2 Detailed calculations for special cases

Theorem 1 shows the convergence rate of the principal components estimator but does not offer
any information on the constant of proportionality, which in general will depend on the size of the
various moments in Assumptions 1-4. In this subsection we consider examples in which we can say
more about the speed of convergence.

For analytical tractability, we assume in this subsection that the initial factor loadings Ag are
0 and the true number of factors 7 is 1. When Ag = 0, the matrix H”* in Theorem 1 is equal to
zero, so that consistency of the principal components estimator hinges on how fast the norm of Ft’“
tends to zero in mean square.” As shown in the appendix, when Ag = 0 and r = 1,

T k
TN EF - BY R = (NT) 7Y W,
t=1 =1

were wy is the [-th largest eigenvalue of the T' x T matrix X X’.

SEmpirical implementations of principal components estimation of structurally unstable DFMs, such as Eickmeier
et al. (2011) and Korobilis (forthcoming), rely on robustness of the estimator to small degrees of instability. Our
theorem shows that the asymptotically allowable amount of instability is larger than hitherto assumed.

"Note that while Ag = 0 violates Assumption 2, the proof of Theorem 1 does not rely on the matrix D =
plim AgAg/N being positive definite.



Example 1 (white noise, continued). Suppose the single factor is identically 1 (F; = 1), and
N and T tend to infinity at the relative rate 8 = limy_,o0 T/N 0 € (0,00). Let the idiosyncratic
errors e;; be i.i.d. across i and t with E(e?) = 2. Denote ag = E(&2). The appendix shows that
if the number of estimated factors is kK = 1, then

T
TN NEE = HYRIP = T2(02 4+ hypo?)*(1+ VO)* (14 0,(1)). (7)

When hyr = 1, the right-hand side quantity is O,(T~2), which is stronger than the O,(Cy3.) rate
bound in Theorem 1. Introducing cross-sectional and temporal dependence in the idiosyncratic
errors causes the left-hand side above to achieve the worst-case rate asymptotically, as noted by
Bai and Ng (2002, pp. 199-200). According to the expression on the right-hand side of equation (7),
h% measures the importance of the factor loading disturbance variance relative to the idiosyncratic
error variance. Furthermore, for given T, the mean square error of the principal components
estimator increases with the ratio 6 ~ T/N.

Example 2 (random walk, continued). Suppose that the idiosyncratic errors are cross-
sectionally i.i.d. Denote O'g = E(¢2). If the number of estimated factors is k = 1, we show in
the appendix that

T T

_ ~ / _ .

E (T SO - H FtH2> > T2 [yn(s,t) + hiypogmin{s, t}E(F.Fy)| o, (8)
t=1 s,t=1

where vy (s,t) is defined in Assumption 3. This lower bound on the expectation of the mean square
error of the principal components estimator complements the upper rate bound in Theorem 1. The
expression reinforces the intuition that the factor space will be poorly estimated in models with
persistent errors (here e;; and hnr&l, Fy).

Without prior knowledge about the factor process, a conservative benchmark sets E(F F}) =
O(1). Note that ZTt ,min{s, t} = £7% + O(T?), and ZSTt 1N (s,t) = O(T) by Assumption 3. If
hyt > T~ asymptotically, the rlght hand side of inequality (8) is then of order h TQ. Together
with Theorem 1, this establishes that there exist constants C,C > 0 such that

T
C < (h}rT)°E (T_l Z IEf — HletH2> < Cmax{(h}7TCnr) > 1}

t=1

for sufficiently large N and 7.® The maximum on the right-hand side above tends to 1 as long
as hyr > (TCOnr)~ Y2 = 1/min{ NV*T1/2, T3/4} asymptotically.” Thus, unless we have special
knowledge about the factor process, we generically need hyp = o(T_l/ 2) for mean square consis-
tency of the factors, while hyp = O(1/ min{ NV/4T/2 T3/4}) is generically necessary to achieve
the Bai and Ng (2002) convergence rate.

8The rate bound in Theorem 1 is in probability, but the proof given in the appendix shows that the bound holds
in expectation as well.

9Recall that such rates for hyr are exactly the ones we are most interested in, since any faster rate of decay for
hyt will lead to Ryt = Cy% in Theorem 1.

10



Example 3 (single large break, continued). Here we consider a limiting case with e;; = 0, so
that all the variance in the observed data is due to structural instability. Suppose the single factor
F, satisfies (T — x)~! Z;F:HH F? 2 Sp as T — oco. Then, regardless of the number of estimated
factors k,

T 4
7Y EE - BRI = PN A (- 9501+ 0p(1), (9)

t=1
as shown in the appendix. The result indicates that the mean square error of the principal compo-
nents estimator is larger the smaller is 7 (the break fraction), the larger is X (the post-break factor
second moment), and the larger is ||A|| (the size of the break vector). Note that if the elements of
A are uniformly bounded, |A;| < M, then ||Al|? is on the order of the number of series undergoing
a break. Denote this number by Byr. The right-hand side above is then O, ((h%;Bn1/N)?),
which is also the rate stated in the bound in Theorem 1, provided that Ay = 1.

4 Rank selection and diffusion index forecasting

4.1 Estimating the number of factors

Bai and Ng (2002, 2006b) introduce a class of information criteria that consistently estimate the
true number r of factors when the factor loadings are constant through time. Specifically, define
the two classes of criteria

PC(k) = V(k) + kg(N,T), IC(k)=logV(k)+ kg(N,T), (10)

where V' (k) is the sum of squared residuals defined by (2), and ¢g(N,T') is a deterministic function
satisfying g(N,T) — 0, C%79(N,T) — 0o as N,T — 0. Let kmax > 7 be an upper bound on the
estimated rank. With constant factor loadings, a consistent estimate of r is then given by either
k = arg ming< <y, PC(k) or k = arg ming< <, 1C (k).

Lemma 2 of Amengual and Watson (2007) establishes that these information criteria remain
consistent for » when the data X are measured with an additive error, i.e., if the researcher instead
observes X = X 4 b for a T x N error matrix b that satisfies (NT)"' SN ST 42 — O,(CHE).
By our decomposition (1) of Xy, time variation in the factor loadings may be seen as contributing
an extra error term w; to the usual terms AgF; 4+ e;. The following result is therefore a direct
consequence of Lemma 2 of Amengual and Watson (2007) and Markov’s inequality.

Observation 1. Let assumptions (A1)-(A9) in Amengual and Watson (2007) hold. If in addition

N T
War Y Y El€F)°] = O(max{N,T}), (11)

i=1 t=1

then arg ming<g<g,... PC(k) L r and arg Ming<k<kma. 1C(K) Bras N,T — .

max

In the interest of brevity we do not state the precise Amengual and Watson conditions here but
remark that they are very similar to our Assumptions 1-3 and 5. We now comment on how
the sufficient condition in Observation 1 bears on our three examples of structural breaks. The
finite-sample performance of the information criteria will be explored in Section 5.
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Examples (continued). If r = 1 and &;; is independent of F}, the left-hand side of condition
(11) is of order h3,, Zfil Zthl E(£2). In Example 1 (white noise), Zfil Zthl E(&2) = O(NT),
so condition (11) holds if Ayt = O(Cy%). The white noise disturbances must therefore vanish
asymptotically, albeit slowly, for the Amengual and Watson (2007) result to ensure consistent
estimation of the factor rank.

For Example 2 (random walk), sz\il Z?:l E(£2) = O(NT?), implying that we need hyr =
O(1/ min{T, (NT)'/?}) to fulfill condition (11). In particular, the Stock and Watson (2002) as-
sumption hnr = O(1/T) admits consistent estimation of the true number of factors using the Bai
and Ng (2002) information criteria.

In Example 3 (single large break), we set hyr = 1 as before. If (T —x)~! ZZ;RH E(F}) =0(1),
we get YN ST E(€2) = O(T||A[2), so [|A]2 = O(max{N/T,1}) is needed to satisfy condition
(11). As previously explained, if the elements of A are uniformly bounded, ||A|? is on the order
of the number By of series undergoing a break at time ¢t = k + 1. The fraction By /N of series
undergoing a break must therefore be of order at most C&% for the Amengual and Watson (2007)
result to apply. The conclusion that large breaks are more problematic for rank estimation than for
mean square consistency is not surprising given Breitung and Eickmeier’s (2011) insight that the
large break model (with non-vanishing break parameter) is equivalent to a DFM with 2r factors.

In summary, in all three of our examples we need more stringent assumptions on A7 in order to
ensure consistent estimation of r than we did for consistency of the principal components estimator.
It is a topic for future research to determine whether these tentative results can be improved upon.

4.2 Diffusion index forecasting

As an application of Corollary 1, consider the diffusion index model of Stock and Watson (1998a,
2002) and Bai and Ng (2006a). For ease of exposition we assume that the factors are the only
explanatory variables, so the model is

/
Yirh = @ Fy +€ppp.

Here 315, is the scalar random variable that we seek to forecast, while ;1 is an idiosyncratic
forecast error term that is independent of all other variables. We shall assume that the true
number of factors r is known. Because the true factors F; are not observable, one must forecast
Yr1n, using the estimated factors F}. Does the sampling variability in F influence the precision and
asymptotic normality of the feasible estimates of a7

Let F' be the principal components estimator with k = r factors estimated and denote the
r x r matrix H" from Theorem 1 by H. Define 6 = H 'a (note that due to the factors being
unobservable, « is only identified up to multiplication by a nonsingular matrix) and let 5 be the
least squares estimator in the feasible diffusion index regression of y; on Fy. Bai and Ng (2006a)
show that

~

VT (6 —68) = (TP YT V2 Fe — (T7YF'FY M T~YV2E(F — FH)H o, (12)

where € = (e14p,...,er+1)". Under the assumptions of Corollary 1, the Cauchy-Schwarz inequality
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yields

T T
|2 (F — FH)|? < T (T*Z mu?) (T‘l > IE - H’FtH2>
t=1 t=1

=TO0,(1)0p(Cy7)
= Op(max{1,T/N}).

Similarly,
TY2F e =T YV2H'F'e + T"Y2(F — FH)'e = T"Y?H'F'c + O,(max{1, T/N}).

Suppose T—1/2F's = O,(1), as implied by Assumption E in Bai and Ng (2006a). It is easy to
show that H = O,(1). Provided T = O(N), we thus obtain § — § = O,(T~'/?), i.e., under the
conditions of Corollary 1, the feasible diffusion regression estimator is consistent at the usual rate.
The restrictions on hyr for the three examples are discussed immediately following Corollary 1.19

5 Simulations

5.1 Design

To illustrate our results and assess their finite sample validity we conduct a Monte Carlo simulation
study. Stock and Watson (2002) and Eickmeier et al. (2011) numerically evaluate the performance of
the principal components estimator when the factor loadings evolve as random walks, and Banerjee
et al. (2008) focus in particular on the effect of time variation in short samples.!! We provide
additional evidence on the necessary scale factor hyr for the random walk case (our Example 2).
Moreover, we consider data generating processes (DGPs) in which the factor loadings are subject
to white noise disturbances (as in Example 1), as well as DGPs for which a subset of the series
undergo one large break in their factor loadings (an analog of Example 3).
The design broadly follows Stock and Watson (2002):

Xit =Ny Fy + e, Fyp=pF1p+uy, (1—al)ew=vi, Y41 = Z Frg + €41,
q=1

where ¢ = 1,...,N, t =1,...,7, p = 1,...,r. The processes {u}, {vit} and {e;y1} are mu-
tually independent, with wu, and €41 being ii.d. standard normally distributed. To capture
cross-sectional dependence of the idiosyncratic errors, we let v; = (vig,...,vne) be iid. nor-
mally distributed with covariance matrix Q = (8"771);;, as in Amengual and Watson (2007). The

107f o = 0, which is often an interesting null hypothesis in applied work, the second term on the right-hand side
of the decomposition (12) vanishes. Assume that {e;41} is independent of all other variables. Then, conditional on
F', the first term on the right-hand side of (12) will (under weak conditions) obey a central limit theorem, and so &
should be unconditionally asymptotically normally distributed under the null Hyp: o = 0. Bai and Ng (2006a) prove
that if the factor loadings are not subject to time variation, 5 will indeed be asymptotically normal, regardless of the
true value of «, as long as VI/N — 0. We expect that a similar result can be proved formally in our framework but
leave this for future research.

1The Eickmeier et al. (2011) Monte Carlo study appears in the updated version of their paper dated October 15,
2012.
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scalar p is the common AR(1) coefficient for the r factors, while a is the AR(1) coefficient for the
idiosyncratic errors.

The initial values Fy and ey for the factors and idiosyncratic errors are drawn from their re-
spective stationary distributions. The initial factor loading matrix Ay was chosen based on the
population R? for the regression of X;o = N0 Fo+ eip on Fy. Specifically, for each i we draw a value
Ri2 uniformly at random from the interval [0,0.8]. We then set Ao, = )\*(R%)S\ioj, where S\in is
i.i.d. standard normal and independent of all other disturbances.!? The scalar \*(R?) is given by
the value for which E[(\y;Fp)?|R?]/E[X2|R?] = R?, given the draw of R?.13

We consider three different specifications for the evolution of factor loadings over time. In the
white noise model the loadings are given by

Aitp = Niop + ditp,

t=1,...,N,t=1,...,7, p=1,...,r, where d is a constant and the disturbances &;;, are i.i.d.
standard normal and independent of all other disturbances. Note that the standard deviation of
)\itp — )\igp is d for all ¢.

In the random walk model we set

Nitp = Ni—1,p + T3¢,

t=1,...,N, t=1,...,7, p=1,...,r, where c is a constant and the innovations (;;, are i.i.d.
standard normal and independent of everything. Note that the T3/4 rate is different from the rate
of T" used by Stock and Watson (2002) and Banerjee et al. (2008). In our design, the standard
deviation of \jrp — Aigp is T’ —1/4,

In the large break model we select a subset J of size [bN'/?] uniformly at random from the
integers {1,..., N}, where b is a constant. For i ¢ J, we simply let Ay, = Aigp for all t. For i € J,
we set

o )\i()p for ¢ < [0.5T]
ip )\i()p + Ap for t > [05T]

The shift A, (which is the same for all i € J) is distributed A/(0, [A*(0.4)]?), i.i.d. acrossp=1,...,r,
so that the shift is of the same magnitude as the initial loading )\Z-op.l4 The fraction of series that
undergo a shift in the large break model is [bN'/?]/N ~ bN—1/2,

The principal components estimator F* described earlier is used to estimate the factors. Esti-
mation of the factor rank r is done using the “ICpy” information criterion of Bai and Ng (2002)
with a maximum rank of ry.x = 10, and, for simplicity, a minimum estimated rank of 1. The
criterion is of the IC type in definition (10) with g(N,T) = (log C%4)(N + T)/(NT). We also
consider principal components estimates that impose the true rank & = r. To evaluate the prin-
cipal components estimator’s performance, we compute a trace R? statistic for the multivariate
regression of F onto F,

., BIPeE)?
BE BRI

12We assumed above that Ag is fixed for simplicity. It is not difficult to verify that Ao could instead be random,
provided that it is independent of all other random variables, N"'AjA¢ 2> D for an r X r non-singular matrix D,
and E||\||* < M, as in Bai and Ng (2006a).

13Specifically, [M\*(R?))? = 1% R

r(1—a?) 17}1212 )
14This shift process satisfies Assumption 4 with envelope functions of the same order as was used for the determin-
istic break in Example 3.
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where E denotes averaging over Monte Carlo repetitions and Pp = F(F'F)~'F'. Corollary 1 states
that this measure tends to 1 as T' — oo. In each repetition we compute the feasible out-of-sample
forecast yryqyr = 0'Fr, where ¢ are the OLS coefficients in the regression of ;11 onto F; for

t <T —1, as well as the infeasible forecast yr 7 = &' Fr, where 4 is obtained by regressing yiy1
on the true factors F;, t <T — 1. The closeness of the feasible and infeasible forecasts is measured
by the statistic R

E(rir — Ursqr)?

~

2
Sig = A

2
yT+1\T)

The measures R% » and Sg,g were also used by Stock and Watson (2002).

5.2 Calibration

The free parameters are T, N, r, p, a, 5, b, c and d. We set r = 5 throughout. In line with
Stock and Watson (2002) and Amengual and Watson (2007), we consider p = 0,0.9, a = 0,0.5 and
8 =0,0.5.

To guide our choice of the crucial parameters b, ¢ and d, we turn to the empirical analysis of
Stock and Watson (2009). They fit a DFM to 144 quarterly U.S. macroeconomic time series from
1959 to 2006, splitting the sample at the first quarter of 1984. Using their results, we compare the
pre- and post-break estimated factor loadings. The ratio of the mean square changes in the factor
loadings to the mean square pre-break factor loadings is 0.21. Assuming that the break date and
factor loadings are known, the corresponding ratio in our large break DGP is

(Nr) 50 S A BNV (0.4)2
(NP o Ay Jo TV (@) /0.8

regardless of the values of r, p, a and 8. For N = 144 series, the value of the parameter b
that brings the theoretical ratio in line with the observed one in the Stock and Watson (2009)
dataset is b = /144 - 0.21/0.66 = 3.7. While we have ignored estimation error, it therefore seems
empirically relevant to consider large break DGPs with a b of this magnitude. We pick b = 3.5 to
be our benchmark value, which for N = 100 implies that bN /2 = 35% of the loadings undergo
a break (for N = 200 and N = 400 the fraction is 25% and 18%, respectively). To stress test our
conclusions, we also examine the extreme choice b = 7.

When calibrating the values of ¢ and d, we take the following steps. Focusing on the parametriza-
tion N =T =200 and a = 8 = p = 0, we first record the trace R? statistics for the large break
DGPs with b = 3.5 and b = 7, respectively. We then determine round values of ¢ and d such that
the corresponding trace R? statistics for the random walk and white noise DGPs approximately
match the above-mentioned two figures for the large break model. This yields ¢ = 2,3.5 and
d =0.4,0.7. To compare the time variation with the scale of the initial factor loadings, note that
with a = 8 = p = 0 and r = 5, the unconditional standard deviation of each initial factor loading

is \/fOO'S[A*(x)]Qd:U/O.S = 0.45. Because d is the standard deviation of i, — Aigp in the white
noise model, the choice d = 0.4 creates fluctuations of about the same magnitude as the initial
factor loadings. Similarly, the standard deviation of A\;7, — Ajgp in the random walk model equals
¢T~Y* = 0.53 for T = 200 and ¢ = 2. In the appendix we show that this amount of random walk

+ 0,(1) = 0.66bN "2 + 0,(1),
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parameter variation is of the same magnitude as the estimates for U.S. data presented in Eickmeier
et al. (2011), while our ¢ = 3.5 parametrization exhibits substantially more instability.!?

5.3 Results

We perform 5,000 Monte Carlo repetitions for each DGP. To graphically illustrate the convergence
properties of the principal components estimator, we first focus on the baseline set-up with a = 8 =
p=0, N =T and k = r (the true number of factors is known). We run simulations for a fine grid
of T values, T' = 50, 100, 150, ...,400. The results are plotted in Figures 1-3, corresponding to the
white noise, random walk and large break models, respectively. Each figure has two panels. The
top panel shows the R% r statistic as a function of the sample size T, for the three different choices

of b, c or d. Similarly, the bottom panel shows the S;g statistic. All figures confirm that, while
time variation in the factor loadings, vanishing at the appropriate rate, does impact the precision
of the principal components estimator, the performance improves as T increases, both in absolute
terms and relative to the no-instability benchmark.

Tables 1-3 display a more comprehensive range of simulation results for the white noise, random
walk and large break models, respectively. As explained above, we consider two values each for
the instability parameters b, ¢ and d, and each table compares those results to the no-instability
benchmark (b = ¢ = d = 0). The columns marked “k = r” impose knowledge of the true number
of factors, while the columns marked “IC” correspond to simulations in which the factor rank is
estimated using an information criterion. E (12:) denotes the average estimated rank. We focus on
dataset dimensions that are especially relevant for macroeconomic analyses with quarterly data,
namely T = 50,100,200 and N either equal to, half of or double the value of T

Our first set of simulations has a = 5 = p = 0, i.e., no serial or cross-sectional dependence
in the factors or idiosyncratic errors. For the empirically calibrated amount of instability (the
middle five columns in each table), the R% » and 5’5@ statistics are close to the no-instability
benchmark as long as N > T > 100. The ax;erage estimated rank is also close to the truth » = 5
in these cases. Throughout Table 3 and Figure 2, the large break model does remarkably well
in terms of the closeness S;g of the feasible and infeasible forecasts, even when a majority of
factor loadings undergo a break. As Figure 1 already demonstrated, the white noise model gives
comparatively poor results for small 7" and when N < T, as predicted by our Ag = 0 calculation,
cf. expression (7). Increasing the amount of structural instability to extreme values (the right-
most five columns of each table) substantially affects the results, more so than the introduction of
moderate serial and cross-sectional correlation. The white noise model fares particularly poorly for
d = 0.7, except when N > T > 200, and the estimated factor rank tends to severely undershoot
the target for small sample sizes, as the common component in the data is diluted by the loading
disturbances. For the random walk DGP, while the average estimated rank is hardly affected
by moving from ¢ = 0 to ¢ = 2, extreme structural instability ¢ = 3.5 does lead to significant
deterioration of the performance of the information criterion; the continual evolution of the factor
loadings over time causes overestimation of the number of common factors. For the large break
model the information criterion does much better, although it overshoots somewhat, as established
by Breitung and Eickmeier (2011).

We consider separately the effects of introducing serial (a = 0.5) or cross-sectional (8 = 0.5)

5For T > 67 our worst-case random walk DGP, ¢ = 3.5, exhibits more time variation in factor loadings than any
of the parametrizations considered by Stock and Watson (2002) and Banerjee et al. (2008).

16



dependence in the idiosyncratic errors. Moderate serial correlation in the errors is clearly a second-
order issue.'® Exponentially decreasing cross-sectional correlation of the above-mentioned magni-
tude has only a slightly larger impact. Furthermore, there appears to be no interesting interaction
between dependence in the idiosyncratic errors and instability in the factor loadings.

Introducing persistence in the factors (p = 0.9) dramatically worsens the results for the white
noise DGP. For the empirically calibrated amount of instability, d = 0.4, the R%’ P and Sg,g statistics

are unacceptably poor, except perhaps for large sample sizes, and the estimated rank is much too
low. For the random walk model, factor persistence has a more moderate, but still noticeable,
effect. It causes overestimation of the number of factors, which only becomes worse as the sample
size increases, and the convergence to 1 of the R% » and Sg,g statistics is not evident for 7' < 200.'7

However, the absolute impact of the factor loading instability is not alarming, even for ¢ = 3.5,
unless consistent estimation of r is viewed as a goal in and of itself. In contrast to the first two
models, the large break model does not exhibit noticeable sensitivity to the persistence of the
factors. Since serial correlation in the factors tends to bias downward the estimate of the factor
rank, it actually partially corrects for the upward bias induced by the one-time loading break.'8

The last seven rows in the tables display results for the most empirically relevant case in
which the factors are persistent and the idiosyncratic errors are both serially and cross-sectionally
correlated (a = f = 0.5,p = 0.9). As expected based on the discussion above, these figures are
similar to those for a = 8 = 0,p = 0.9, and we find no interesting compounding effects of the
various departures from the baseline parametrization.

We summarize the findings of the simulation study as follows.

e Empirically calibrated structural instability of the random walk or large break variety does
not, on average, markedly impact the estimation of the factor space or diffusion index fore-
casts. Increasing the temporal instability by an order of magnitude does not overturn this
conclusion.

e The impact of white noise disturbances is a lot more sensitive to the sample size, to the ratio of
N to T (higher is better), and to the persistence of the factors (lower is better). The numbers
in Table 1 arguably overstate this sensitivity, since d was calibrated based on a setting with
p=0and N =T = 200, which is relatively favorable for the white noise model. In a sense,
Table 1 documents how well the principal components estimator deals with substantial white
noise disturbances when the sample size and relative dimension N/T" are both large.

e The correlation structure of the idiosyncratic errors is not an important concern in the ex-
ponential design we consider here. We have also tried the linearly decreasing correlation
structure of Bai and Ng (2002, section 6). As expected, such a set-up yields worse conver-
gence rates than those exhibited in Table 1-3, although the results are sensitive to the choice
of correlation parameters.

e Estimation of the factor rank r is governed by somewhat different forces than estimation of
the factor space or diffusion index forecasting, as we anticipated in Section 4.1. Relative

181n fact, relative to the i.i.d. benchmark, the a = 0.5 results are somewhat better in cases in which the estimated
rank is much too low.

"Tn unreported simulations, we have confirmed that these statistics do begin to improve for larger values of T'.

18Tn Table 3, the large break model often performs better for p = 0.9 than for p = 0. The reason is that the
denominators in the R; r and S;g statistics tend to increase with the persistence of the factors. For the two other
models, the detrimental impact on the numerators outweigh this effect.
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to the no-instability benchmark, the Bai and Ng (2002) information criterion estimator is
generally biased downward in the white noise model, whereas it is biased upward in the large
break model and (especially) the random walk model. In the latter two models, there is no
indication that this bias vanishes as N,7 — oo for the choices of hy7 and ||A[? that we
have considered here. However, overestimation of r is not a problem, on average, for diffusion
index forecasting.

5.4 Rate of convergence

We now turn to the more detailed asymptotic rates stated in Theorem 1. Our method of proof
and the calculations in Section 3.2 suggest that it may not in general be possible to improve upon
the Ry7 rate for our three examples of break processes. To investigate this claim, we carry out
two exercises. First, we set N =T and execute a separate set of simulations in which A, — Aijop =
drt/ 4&@, for the white noise model, \jyp — Ait—1p = cT—1/ 2Citp for the random walk model, and
the number of shifting series in the large break model is set to [bN]. These three rates all (just)
violate the conditions for mean square consistency in Theorem 1. To make the results comparable
to Figures 2-3, we scale down our choices of b, ¢ and d so that the amount of time variation
in the two experiments coincide for T = 200. All other parameters are unchanged. See Figures
4-6 for the results. As hypothesized, for the random walk and large break models the trace R?
curve flattens out for large T, instead of converging with the no-instability curve as in Figures 2-3.
For the white noise model, convergence seems to still obtain with hyr = dTY419 Tt would be
interesting to explore whether temporal or cross-sectional dependence in the disturbances &;; would
make Theorem 1 tight also for the white noise model.

Second, we construct a “rate frontier” that corresponds to the predictions of Theorem 1 for the
special case of the random walk model, which is the break process that has received most attention
in the literature. Consider the explicit rate expression (5)—(6) for the random walk model under the
assumptions N = [T#] and hnxt = ¢IT'~7. In the following we set © = 1 so that the rate exponent
(6) reduces to

m(y) =m(1,v) = max{—1,2 — 4~}.

The flat profile of the trace R? statistic in Figure 5 is fully consistent with m(1/2) = 0. These
calculations pertain to the worst-case rate stated in Theorem 1. While Section 3.2 showed suggestive
calculations for the special case Ag = 0, we have not been able to prove that the convergence rate
Ryt is sharp, in the sense that a generic DFM with random walk factor loadings that satisfies
Assumptions 1-5 achieves the Ry7 rate. Instead, we provide simulation evidence indicating that
the independent random walk model achieves the stated bound. We maintain the simulation
design described in Section 5.1 with a = 8 = p =0 and N = T, except that we set hyr = 51777
and vary v over the range 0.25,0.30,0.35,...,1.50. For each value of v and each sample size
T = 200, 300, ...,700 we compute the statistic

MSE(y,T) =T ' (E|F||* = E| PrE|?),

where F denotes the average over 500 Monte Carlo repetitions. This statistic is a close analog of
the mean square error that is the object of study in Theorem 1. Our theoretical results suggest

This is consistent with the calculations in Section 3.2, which showed that hyr = o(T1/2) is necessary and sufficient
for mean square consistency when Ag =0, F; =1, k=r=1and T/N — 6 € (0,00), cf. equation (7).
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that MSE (v, T) should grow or decay at rate 7). We verify this by regressing, for each ~,
log @(7, T') = constant., + m~ logT,

using our six observations T' = 200,...,700. Figure 7 plots the estimates 1, against « along
with the theoretical values m(7y). The estimated rate frontier is strikingly close to the theoretical
one, although some finite-sample issues remain for intermediate values of . This corroborates our
conjecture that Theorem 1 provides sharp rates for the independent random walk case.

6 Discussion and conclusions

The theoretical results of Section 3 and the simulation study of Section 5 point towards a consid-
erable amount of robustness of the principal components estimator of the factors when the factor
loading matrix varies over time. Although we have not proved that the consistency rate function
presented in Section 3.1 is tight in a formal sense, inspection of our proof, as well as calculations
for special cases and Monte Carlo evidence, do not suggest any room for improvement, particularly
for the random walk and large break models. In this sense our rate function represents an upper
bound on the parameter instability that can be tolerated by the principal components estima-
tor. The amount of such instability is quite large when calibrated to values of N and T typically
used in applied work, which is reassuring for the nascent empirical research agenda that allows for
structural instability in estimation of DFMs (Eickmeier et al., 2011; Korobilis, forthcoming).

Our evidence concerning the robustness of the principal components estimator raises a tension
with the results in Breitung and Eickmeier (2011), who stress the harmful effect of undetected
factor loading breaks on rank estimation. Our simulations show that diffusion index forecasting
using principal components estimates can be effective even when the rank of the factor space is not
estimated consistently. Indeed, we conjecture (but do not prove) that the principal components
estimator and feasible diffusion index regression will be consistent under sequences of breaks for
which the Breitung and Eickmeier (2011) test rejects. Furthermore, our simulations indicate that
the direction of the rank estimation bias depends on the type of structural instability. Sorting
out the relative importance of these countervailing forces for the sampling distribution of forecasts
would be of independent interest and would also return the large-dimensional discussion here to
the bias-variance tradeoffs associated with ignoring breaks tackled in a low-dimensional setting by
Pesaran and Timmermann (2005, 2007).

In some applications, such as with data on asset returns, accurate estimation of the number of
factors is of direct concern. Our results suggest that the allowable amount of structural instability
in these cases is smaller than for forecasting purposes. More work is needed to establish necessary
conditions for consistent rank estimation, and if necessary, to develop rank estimators that are
more robust to different types of instability.
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A Appendix

A.1 Proof of Theorem 1

To lighten the notation, we denote 3, = S=% | (the same for j) and Y, = 327 (the same for t).
A double sum ZZJL Z;VZI is denoted }_, ;.

Proof of Theorem 1. We extend the proof of Theorem 1 in Bai and Ng (2002). By the definition
of the estimator F*, we have F¥ = (NT)"'XX'F* where F¥ F*/T = I, (Bai and Ng, 2008).

Define e = (e1,...,er) and w = (w1,...,wr). Since
XX'=FA)AoF' + FAj(e +w)' + (e + w)AgF' + (e + w)(e + w)’,
we can write
EF— HY By = (NT)™? {F’f’FAget + F¥ Ao F, + F¥ ee, + F¥ FALw,
+ Fk/onFt + Fk/wwt + Fk/ewt + Fk/wet}.

Label the eight terms on the right-hand side Ay, ..., Ast, respectively. By Loeve’s inequality,

8
P AP <83 (1 ). 1)
t n=1 t

Bai and Ng (2002) have shown that the terms corresponding to n = 1,2,3 are O,(Cy3) under
Assumptions 1-3. We proceed to bound the remaining terms in probability.

We have
| A < <T‘1ZIIF§IIQ> (T*Z HFs||2> |V~ A
S S

The first factor equals tr(F* F¥/T) = tr(I},) = k. The second factor is O,(1) by Assumption 1.
Also,

AIO Wi

2
< N7 B(wiswi) Mg Ajol
(2]
< Nh{pN 2 Z |E(&itFi&inFy)|
4,

< 2N sup hip N2 Y | E(GitpFipbitg Frg)|

p,q ’L,]

= O(h%VTN_QQl(N’ T))v

d

uniformly in ¢, by Assumption 4.1. Hence,

T " [|Agl® = Op(hirN2Q1(N, T)).
t

Similarly,

1 45:[1* < (le Ilﬁf!2> ((NQT)lz(wéAoFtV) )

s
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where the first term is O(1) and

(N’T)'E) “(wiAoF1)? < (N*T) ) 0 |B(wiswjs N FiNjo )|

S S J

<t sSup h%VT(N2T)_1 Z Z |E(§i5p1€j5q1 Fap, Fsq Fipy Figo )|
P1,491,P2,92 P

By summing over ¢, dividing by 7" and using Assumption 4.2 we obtain
T A5l = Op(h3r N > T2Q5(N, T)).
t

For the sixth term,

BlAalP < E { <T_1 ) HFN) (<N2T>—1 Z<wgwt>2> }

s

NQT Z Z E wzswztszw]t)

< kr*  sup
P1,41,02,42

NQT Z Z ‘E fzsmfjsm fztngytqz F8p1F8q1 Ftpz th2)|'

s

By Assumption 4.3, it follows that
T 146l = Op(hiyr N2 T2Q3(N, T)).
t

Regarding the seventh term, using Assumption 5,

E|An|® < E { <T_1 > IIFfH2> ((NQT)_1 Z(e;wt)Q) }

N2T Z Z E ezsejs witwjt)

K(N?T) ™ ZZ ef)) 2B (wiw;)|
< kr? M sup hNT NQT - Z Z |E(§itp§jththtq)‘
D s ij

= O(h4+N72Q1(N,T)),

umformly in t. The second-to-last line uses E(e?) < M, whereas the last follows from Assumption
. We conclude that

T | Aw|? = Op(hir N ~*Qu(N, T)).
t
A similar argument gives

T | Asil® = Op(hir N 2Q1(N, T)).
t

We conclude that the right-hand side of inequality (13) is the sum of variables of four stochastic or-
ders: Op(Cn3), Op(h%rN72Q1(N, T)), Op(h%p N 72T 2Q4(N, T)) and O, (h4N2T~2Q3(N, T)).
The statement of the theorem follows. O
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A.2 Detailed calculations for the case Aj =0

Using the definitions of F* and H*, we get
T
TS| - HYR|P =« {(Fk — FH®)(FF - FHk)’}
t=1
— N27 34 {F’“(XX’ ~ FAAGF) (XX — FA()AOF')’F’“} .

Let Ag = 0. By definition, F* equals v/T times the T’ x k matrix whose columns are the eigenvectors
of XX’ corresponding to its k largest eigenvalues. That is, if we write (XX')R = RC, where R
is the orthogonal matrix of eigenvectors and C' the diagonal matrix of eigenvalues (in descending
order), we have VTR = (F* F¥) for a T x (T — k) matrix F* that satisfies F¥F* = 0. Observe
that )

F* = VTR(Ii, Ogx (7—1))',

SO
(XX FF = VT(XX)R(Ii, O (7—1)) = VT RC (I, O (1)) s

and
FM(XX"\ (XX F¥ = T (I, O (7—1))CR'RC (I, O (1))’
=TC?,

where Cr = (I, O (7—)) C(Ik, O (7—k))" denotes the diagonal matrix containing the & largest
eigenvalues wy, . ..,w; of X X’. Hence,

T
T3 B~ HYR? = (NT) 20 {C})
t=1
k
= (NT)) w}.
=1

Example 1 (white noise, continued). Under the assumptions in the main text, the 7' x N
data matrix X has elements x4 = e;; + hyr&; that are i.i.d. across ¢ and ¢ with mean 0 and
variance Qyp = Jg + h%VTJg. Let Z be a T' x N matrix with elements z;; = x4 /v/Qn7. Then 2y is
i.i.d. across i and ¢t with mean zero and unit variance. Let @; denote the largest eigenvalue of the
sample covariance matrix N~'ZZ’. By Theorem 5.8 of Bai and Silverstein (2009), &; % (1++/6)2.
Because the largest eigenvalue of N1 X X’ satisfies w; = Qn7@1, the result (7) follows from (14).
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Example 2 (random walk, continued). Let 17 denote the T-vector of ones. Setting k =1 in
equation (14), we obtain

T / / 2
. XX
TS |E - BYF? = (NT) (max v U>

veRT V'V

1,.XX"170\?
> (NT) ™2 (TTT)

B

i=1 \t=1

2

Jensen’s inequality and cross-sectional i.i.d.-ness of x;; implies
2

=1

so inequality (8) follows.

Example 3 (single large break, continued). In the large break model, w; = AiF s pq1y-
Denote the last (T — k) elements of the T-vector F' by Fj;1.7. Then we can write

0
ot =t (%)
K B

so that
0 0
ww = h2 < KXK /4><(T K) > )
M\ 0@—mxn (FenirFy ) A2
It follows that the eigenvalues of ww’ are 0 (with multiplicity x) along with h3.p||A[|? times the
(T' — k) eigenvalues of Fyy1.7F, .. But the eigenvalues of Fyi1.7F) .o are just HFN+1 7|2

(with multiplicity 1) and 0 (with multiplicity 7" — x — 1). The k largest eigenvalues wy,...,w of
X X' = ww' are therefore

w1 = h?VT”A||2”FH+1:TH27 wy =wz =" =wg =0.

Consequently, regardless of the number of estimated factors k,
T k
TN EE - HYRIP = (NT) 72 Yo
t=1 =1

hélVT 4
= )QIIAH [Estrr|

h 1 = ’
= %HAH“O —7)? (T—m Z Ff + o,,(l))

t=r+1

where the last equality uses T'— k = (1 — 7)T'(1 + o(1)). Expression (9) follows.
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A.3 Comparison of our Monte Carlo calibration with Eickmeier et al. (2011)

Eickmeier et al. (2011) use a two-step maximum likelihood procedure to estimate a five-factor
DFM with time-varying parameters on quarterly U.S. data from 1972 to 2007. As in some of our
simulations, the factor loadings in their model evolve as independent random walks. From their
smoothed estimates of the factor loading paths (restricting attention to the paths that exhibit
non-negligible time variation) one obtains a median standard deviation of the innovations equal to
0.0165 for loadings on the first factor, which has the largest median loading innovation standard
deviation of the five factors. Because their sample size is T = 140, the random walk specification
implies a median standard deviation of A;;1 — ;01 of about 0.20; the 95th percentile of the implied
standard deviation of A\;;1 — Ajo1 is about 0.75. The 5-95 percentile range of estimated initial
factor loadings is [—0.87,0.28].2° As explained in the main text, in our random walk design with
a=0=p=0,c=2and T = 200, the standard deviation of \;71 — A1 is 0.53 for all ¢, while the
5-95 percentile range for initial factor loadings is [—0.74,0.74]. Our ¢ = 2 calibration is therefore
similar to the Eickmeier et al. (2011) estimated amount of factor loading time variation in U.S.
data, while our ¢ = 3.5 simulations appear to exhibit substantially more instability.
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White noise model: Trace R
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Figure 1: Simulation results for the white noise model, benchmark parameter and rate choices.
Actual observations are marked with “x.” Each is based on 5,000 Monte Carlo repetitions. The
lines are piecewise linear interpolations.
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Random walk model: Trace =3
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Figure 2: Simulation results for the random walk model, benchmark parameter and rate choices.

27



Large break model: Trace =3
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Figure 3: Simulation results for the large break model, benchmark parameter and rate choices.
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White noise model: Trace R
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Figure 4: Simulation results for the white noise model, alternative rates.
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Random walk model: Trace =3
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Figure 5: Simulation results for the random walk model, alternative rates.
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Large break model: Trace =3

0.95

0.9

0.85

0.8 1 1 1 1 1
50 100 150 200 250 300 350 400

T

Large break model: Closeness of forecast to infeasible one
l —

0.7r
—>— pb=0
— % —ph=0.25
% b=050
0.6 | | | | | I )
50 100 150 200 250 300 350 400

Figure 6: Simulation results for the large break model, alternative rates.
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Finite—sample and theoretical rate frontiers
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Figure 7: Rate frontiers for the random walk model with ¢ =5, N =T and hyp = ¢I'~7. The solid
line interpolates between the finite-sample rate exponent estimates 1., (observations are marked
with “x”), while the dotted line represents the theoretical rate exponent m(7y).
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MONTE CARLO SIMULATIONS: WHITE NOISE MODEL

d=0 d=0.4 d=0.7
k=r c k=r c =r c
T N Bir Sis|Bhr Sig E® [ Bip Sis |[Bhp Sis EW) [ Rpp  S55 | Bpp Sy BER)
a=0,8=0,p=0
50 50 0.93 0.83 0.94 0.50 3.4 0.86 0.64 0.91 —0.83 1.6 0.71 0.25 0.84 —2.77 1.0
50 100 0.96 0.93 0.96 0.88 4.7 0.92 0.84 0.94 0.35 2.9 0.81 0.59 0.89 —1.72 1.1
100 100 0.96 0.94 0.96 0.93 5.0 0.93 0.88 0.93 0.66 3.9 0.84 0.70 0.90 —1.88 1.3
100 200 0.98 0.97 0.98 0.97 5.0 0.96 0.94 0.96 0.93 5.0 0.91 0.86 0.93 0.13 2.7
200 100 0.96 0.94 0.96 0.94 5.0 0.93 0.89 0.93 0.86 4.8 0.86 0.77 0.88 —0.20 2.4
200 200 0.98 0.97 0.98 0.97 5.0 0.96 0.95 0.96 0.95 5.0 0.92 0.90 0.93 0.70 4.1
200 400 0.99 0.99 0.99 0.99 5.0 0.98 0.97 0.98 0.97 5.0 0.96 0.95 0.96 0.94 5.0
a=05 66=0,p=0
50 50 0.91 0.77 0.93 0.53 3.7 0.86 0.64 0.91 —0.42 2.0 0.75 0.38 0.86 —2.39 1.1
50 100 0.95 0.90 0.95 0.88 4.8 0.92 0.84 0.93 0.57 3.6 0.84 0.68 0.91 —1.01 1.4
100 100 0.96 0.93 0.96 0.92 5.0 0.93 0.89 0.93 0.78 4.4 0.87 0.77 091 —0.70 1.9
100 200 0.98 0.97 0.98 0.97 5.0 0.96 0.95 0.96 0.94 5.0 0.93 0.89 0.93 0.65 3.8
200 100 0.96 0.94 0.96 0.94 5.0 0.93  0.90 0.93 0.90 4.9 0.88 0.82 0.89 0.41 3.4
200 200 0.98 0.97 0.98 0.97 5.0 0.96 0.95 0.96 0.95 5.0 0.93 0.92 0.94 0.87 4.8
200 400 0.99 0.99 0.99 0.99 5.0 0.98 0.98 0.98 0.98 5.0 0.96 0.96 0.96 0.96 5.0
a=0,8=05 p=0
50 50 0.91 0.76 0.93 0.53 3.7 0.85 0.58 0.90 —0.87 1.7 0.70 0.22 0.83 —3.09 1.0
50 100 0.95 0.91 0.96 0.87 4.7 0.92 0.83 0.93 0.39 3.0 0.80 0.57 0.89 —1.58 1.1
100 100 0.96 0.92 0.96 0.92 5.0 0.92 0.87 0.93 0.66 4.0 0.84 0.70 0.89 —1.90 1.3
100 200 0.98 0.97 0.98 0.97 5.0 0.96 0.94 0.96 0.93 5.0 0.91 0.86 0.93 0.15 2.7
200 100 0.96 0.94 0.95 0.94 5.0 0.92 0.88 0.92 0.86 4.8 0.85 0.76 0.88 —0.19 2.4
200 200 0.98 0.97 0.98 0.97 5.0 0.96 0.95 0.96 0.95 5.0 0.92 0.90 0.92 0.70 4.1
200 400 0.99 0.99 0.99 0.99 5.0 0.98 0.97 0.98 0.97 5.0 0.96 0.95 0.96 0.94 5.0
a=0,8=0, p=0.9
50 50 0.95 0.81 0.97 0.43 2.3 0.61  0.03 0.84 —1.18 1.0 0.32 —0.96 0.52 —2.94 1.0
50 100 0.97 0.91 0.98 0.69 2.9 0.70  0.37 0.91 —-0.75 1.0 0.38 —0.38 0.67 —1.74 1.0
100 100 0.97 0.94 0.97 0.81 3.9 0.75 0.43 0.89 —1.46 1.0 0.39 —0.43 0.67 —2.48 1.0
100 200 0.98 0.97 0.98 0.94 4.6 0.84 0.65 0.94 —0.75 1.3 0.48 —0.00 0.80 —1.60 1.0
200 100 0.97 0.94 0.97 0.93 4.9 0.79  0.55 0.88 —1.68 1.2 0.43 —0.50 0.68 —3.19 1.0
200 200 0.98 0.97 0.98 0.97 5.0 0.88  0.80 0.93 —0.52 1.7 0.57 0.11 0.81 —2.02 1.0
200 400 0.99 0.99 0.99 0.99 5.0 0.94 0.90 0.95 0.40 2.7 0.69 0.45 0.88 —1.99 1.0
a=05, =05, p=0.9
50 50 0.94 0.74 0.95 0.65 3.7 0.71 0.24 0.88 —1.05 1.0 0.41 —0.55 0.66 —1.91 1.0
50 100 0.97 0.86 0.97 0.83 4.5 0.80 0.51 0.93 —0.52 1.2 0.49 —0.09 0.79 —1.40 1.0
100 100 0.96 0.90 0.97 0.88 4.6 0.82 0.56 0.92 -1.05 1.3 0.50 —0.07 0.77 —2.04 1.0
100 200 0.98 0.96 0.98 0.95 4.9 0.90 0.76 0.95 —0.07 1.9 0.61 0.25 0.87 —1.51 1.0
200 100 0.96 0.93 0.96 0.92 5.0 0.84 0.66 0.90 —0.66 1.8 0.55 —0.07 0.76 —2.91 1.0
200 200 0.98 0.97 0.98 0.96 5.0 0.91 0.85 0.94 0.19 2.5 0.70 0.39 0.86 —1.93 1.0
200 400 0.99 0.98 0.99 0.98 5.0 0.95 0.93 0.96 0.71 3.6 0.80 0.64 092 —1.79 1.0

Table 1: Simulation results for DGPs with white noise disturbances in the factor loadings.
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MONTE CARLO SIMULATIONS: RANDOM WALK MODEL

c=0 c=2 c=3.5
k=r c k=r c k=r c
v N, S R, s, T, S | B, S PR R, %, W, S,
a=0,8=0,p=0
50 50 0.93 0.83 094 0.50 3.4 0.91 0.90 091 0.89 4.8 0.87 0.89 0.87  0.90 5.2
50 100 0.96 0.93 0.96 0.88 4.7 0.93 0.93 0.93 0.93 5.0 0.89 0.92 0.88 0.91 5.7
100 100 0.96 0.94 0.96 0.93 5.0 0.94 094 094 0.95 5.0 0.89 0.94 0.89 0.94 5.4
100 200 0.98 0.97 0.98 0.97 5.0 0.95 0.96 0.95 0.96 5.0 0.90 0.94 0.89 0.94 6.8
200 100 0.96 0.94 0.96 0.94 5.0 0.94 0.95 094 0.95 5.0 0.90 0.94 090 0.94 5.6
200 200 0.98 0.97 0.98 0.97 5.0 0.96 0.97 0.96 0.97 5.0 0.91 0.95 091 0.95 7.0
200 400 0.99 0.99 0.99 0.99 5.0 0.97 0.98 097 0.97 5.0 0.92 0.96 091 0.96 9.5
a=05 66=0,p=0
50 50 0.91 0.77 0.93 0.53 3.7 0.91 0.90 091 0.87 4.7 0.88 0.89 0.88 0.90 5.1
50 100 0.95 0.90 0.95 0.88 4.8 0.94 0.94 0.94 0.94 5.0 0.90 0.92 0.89 0.92 5.5
100 100 0.96 0.93 0.96 0.92 5.0 0.94 0.95 094 0.95 5.0 0.90 0.94 090 0.94 5.2
100 200 0.98 0.97 0.98 0.97 5.0 0.96 0.96 0.96 0.96 5.0 0.91 0.95 091 094 6.1
200 100 0.96 0.94 096 0.94 5.0 0.95 0.95 095 0.95 5.0 0.92 0.95 091 0.95 5.2
200 200 0.98 0.97 0.98 0.97 5.0 0.97 0.97 097 0.97 5.0 0.93 0.96 0.92 0.96 5.8
200 400 0.99 0.99 0.99 0.99 5.0 0.98 0.98 0.98 0.98 5.0 0.93 0.96 0.93 0.96 8.4
a=0,8=05 p=0
50 50 0.91 0.76 0.93 0.53 3.7 0.91 0.89 091 0.89 4.8 0.87 0.89 0.87 0.90 5.3
50 100 0.95 0.91 0.96 0.87 4.7 0.93 0.93 0.93 0.93 5.0 0.89 0.92 0.88 0.91 5.8
100 100 0.96 0.92 0.96 0.92 5.0 0.94 094 094 0.95 5.0 0.89 0.94 0.89 0.94 5.5
100 200 0.98 0.97 0.98 0.97 5.0 0.95 0.96 0.95 0.96 5.0 0.90 0.94 0.89 0.94 6.9
200 100 0.96 0.94 095 0.94 5.0 0.94 0.95 094 0.95 5.0 0.90 0.95 090 0.94 5.8
200 200 0.98 0.97 098 0.97 5.0 0.96 0.97 096 0.97 5.0 0.91 0.95 091 0.95 7.1
200 400 0.99 0.99 0.99 0.99 5.0 0.97 0.98 0.97  0.98 5.0 0.92 0.96 0.91 0.96 9.5
a=0,8=0, p=0.9
50 50 0.95 0.81 097 0.43 2.3 0.94 0.90 0.94 0.91 5.5 0.94 0.90 0.94 0.92 7.3
50 100 0.97 0.91 0.98 0.69 2.9 0.95 0.92 095 0.94 6.4 0.94 0.92 094 0.94 8.6
100 100 0.97 094 097 0.81 3.9 0.93 0.93 092 0.95 6.7 0.91 0.93 091 0.95 9.2
100 200 0.98 0.97 098 0.94 4.6 0.93 0.94 0.93 0.97 7.8 0.92 094 091 0.96 9.9
200 100 0.97 0.94 097 0.93 4.9 0.91 094 0.90 0.95 7.4 0.88 0.94 0.88 0.96 9.9
200 200 0.98 0.97 098 0.97 5.0 0.92 0.95 091 0.97 8.3 0.89 0.95 0.88 0.97 10.0
200 400 0.99 0.99 0.99 0.99 5.0 0.92 0.95 0.91 0.98 9.6 0.89 0.95 0.88 0.97 10.0
a=05, =05, p=0.9
50 50 0.94 0.74 0.95 0.65 3.7 0.94 0.90 0.94 0.91 6.8 0.94 0.90 0.94 0.92 8.3
50 100 0.97 0.86 0.97 0.83 4.5 0.95 0.92 0.95 0.95 8.4 0.94 0.92 094 0.94 9.7
100 100 0.96 0.90 097 0.88 4.6 0.93 0.93 092 0.95 7.7 0.92 0.93 091 0.95 9.7
100 200 0.98 0.96 098 0.95 4.9 0.94 0.95 0.93 0.97 9.2 0.92 0.94 0.91 0.97 10.0
200 100 0.96 0.93 0.96 0.92 5.0 0.92 094 091 0.95 8.0 0.89 0.94 0.88 0.95 10.0
200 200 0.98 0.97 0.98 0.96 5.0 0.93 0.95 0.92 0.97 8.9 0.89 0.95 0.89 0.97 10.0
200 400 0.99 0.98 0.99 0.98 5.0 0.93 0.96 0.92 0.98 9.9 0.90 0.95 0.89 0.98 10.0

Table 2: Simulation results for DGPs with random walk factor loadings.
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MONTE CARLO SIMULATIONS: LARGE BREAK MODEL

b=0 b=3.5 b="7
k=r c k=r c k=r c
v N E, e, R, s, | R, %, R, %, PR, 9|, %, F®
a=0,8=0,p=0
50 50 0.93 0.83 0.94 0.50 3.4 0.90 0.83 0.90 0.59 3.6 0.83 0.82 0.84 0.58 3.7
50 100 0.96 0.93 0.96 0.88 4.7 0.94 0.92 0.94 0.89 4.7 0.89 0.91 0.89 0.89 4.8
100 100 0.96 0.94 0.96 0.93 5.0 0.94 0.94 0.94 0.93 5.0 0.88 0.93 0.88 0.93 5.1
100 200 0.98 0.97 0.98 0.97 5.0 0.97 0.97 0.96 0.97 5.1 0.93 0.96 0.93 0.97 5.3
200 100 0.96 0.94 0.96 0.94 5.0 0.93 094 0.93 0.94 5.2 0.87 0.94 0.87 0.94 5.5
200 200 0.98 0.97 0.98 0.97 5.0 0.96 0.97 0.96 0.97 5.2 0.93 0.97 0.92 0.97 5.6
200 400 0.99 0.99 0.99 0.99 5.0 0.98 0.98 0.98 0.99 5.2 0.96 0.98 0.95 0.99 5.6
a=05 66=0,p=0
50 50 0.91 0.77 0.93 0.53 3.7 0.88 0.79 0.89 0.61 3.8 0.82 0.79 0.83  0.62 3.9
50 100 0.95 0.90 0.95 0.88 4.8 0.93 0.90 0.93 0.89 4.9 0.88 0.89 0.88 0.88 5.0
100 100 0.96 0.93 0.96 0.92 5.0 0.93 0.93 0.93 0.93 5.0 0.88 0.93 0.88 0.93 5.2
100 200 0.98 0.97 0.98 0.97 5.0 0.96 0.97 0.96 0.97 5.1 0.93 0.96 0.92 0.97 5.4
200 100 0.96 0.94 0.96 0.94 5.0 0.93 094 0.93 0.94 5.2 0.87 0.94 0.87 0.94 5.5
200 200 0.98 0.97 0.98 0.97 5.0 0.96 0.97 0.96 0.97 5.2 0.93 0.97 0.92 0.97 5.6
200 400 0.99 0.99 0.99 0.99 5.0 0.98 0.98 0.98 0.98 5.2 0.96 0.98 0.95 0.98 5.6
a=0,8=05 p=0
50 50 0.91 0.76 0.93 0.53 3.7 0.87 0.77 0.88 0.61 3.9 0.80 0.77 0.81 0.61 4.1
50 100 0.95 0.91 0.96 0.87 4.7 0.93  0.90 0.93 0.89 4.8 0.88  0.90 0.88  0.88 5.0
100 100 0.96 0.92 0.96 0.92 5.0 0.93 0.93 0.93 0.93 5.1 0.87 0.92 0.87 0.93 5.3
100 200 0.98 0.97 0.98 0.97 5.0 0.96 0.96 0.96 0.96 5.1 0.93 0.96 0.92 0.97 5.4
200 100 0.96 0.94 0.95 0.94 5.0 0.93 094 0.92 0.94 5.3 0.86 0.93 0.86 0.94 5.7
200 200 0.98 0.97 0.98 0.97 5.0 0.96 0.97 0.96 0.97 5.3 0.92 0.97 0.91 0.97 5.7
200 400 0.99 0.99 0.99 0.99 5.0 0.98 0.98 0.98 0.98 5.3 0.96 0.98 0.95 0.99 5.7
a=0,8=0, p=0.9
50 50 0.95 0.81 0.97 0.43 2.3 0.94 0.81 0.95 0.52 2.4 0.92 0.81 0.93 0.56 2.6
50 100 0.97 0.91 0.98 0.69 2.9 0.97 0.90 0.97 0.72 3.0 0.95 0.90 0.95 0.73 3.1
100 100 0.97 0.94 0.97 0.81 3.9 0.96 0.93 0.96 0.83 4.0 0.93 091 0.93 0.83 4.2
100 200 0.98 0.97 0.98 0.94 4.6 0.98 0.97 0.98 0.94 4.7 0.96 0.96 0.96 0.94 4.8
200 100 0.97 0.94 0.97 0.93 4.9 0.95 0.94 0.95 0.93 5.0 0.91 0.93 0.91 0.93 5.1
200 200 0.98 0.97 0.98 0.97 5.0 0.97 0.97 0.97 0.97 5.1 0.95 0.96 0.94 0.97 5.3
200 400 0.99 0.99 0.99 0.99 5.0 0.99 0.98 0.98 0.98 5.1 0.97 0.98 0.97 0.98 5.4
a=05, =05, p=0.9
50 50 0.94 0.74 0.95 0.65 3.7 0.93 0.75 0.94 0.70 4.1 0.90 0.75 0.91 0.71 4.3
50 100 0.97 0.86 0.97 0.83 4.5 0.96 0.85 0.96 0.84 4.8 0.94 0.86 0.94 0.85 5.0
100 100 0.96 0.90 0.97 0.88 4.6 0.95 0.89 0.95 0.88 4.8 0.92 0.88 0.92 0.88 5.0
100 200 0.98 0.96 0.98 0.95 4.9 0.97 0.95 0.97 0.95 5.2 0.95 0.94 0.95 0.95 5.4
200 100 0.96 0.93 0.96 0.92 5.0 0.94 0.92 094 0.93 5.3 0.90 0.91 0.90 0.93 5.6
200 200 0.98 0.97 0.98 0.96 5.0 0.97 0.96 0.97 0.97 5.3 0.94 0.95 0.94 0.97 5.6
200 400 0.99 0.98 0.99 0.98 5.0 0.98 0.98 0.98 0.98 5.3 0.97 0.98 0.96 0.98 5.7

Table 3: Simulation results for DGPs with a single large break in the factor loadings.




